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; On the Speed of Propagation of Waves in a

Deformed Compressible Elastic Material

by

K.N. Sawyers and R.S. Rivlin
Center for the Application of Mathematics

Lehigh University, Bethlehem, Pa.

Abstract

A sinusoidal wave of infinitesimal amplitude is propagated
in an isotropic compressible elastic material subjected to a
static pure homogeneous deformation. Necessary and sufficient
conditions are obtained for the speed of propagation to be real
in the case when the direction of propagation is parallel to a

principal plane of the static deformation.




1he Introduction

This paper is concerned with the conditions which must be

imposed on the strain-energy function for an isotropic compress-

ible elastic material in order to ensure that,when the material
is subjected to a static pure homogeneous deformation, plane
sinusoidal waves of infinitesimal amplitude propagate in it with
real velocities. The problem has previously been considered by
Hayes and Rivlin [1]. They obtained, in implicit form, necessary
and sufficient conditions for the velocities to be real for arbi-
trary direction of propagation of the wave. These are the in-
equalities given in (2.10) below. Certain necessary conditions
were also obtained in [1,2]. These are the inequalities given
in (3.6) and (3.17) below.

Earlier Ericksen [3] considered the propagation of a second-
order discontinuity in an isotropic incompressible material,
rather than the substantially equivalent problem of the propaga-
tion of a sinusoidal wave of infinitesimal amplitude. He
obtained, in explicit form, the necessary and sufficient conditions
that waves propagated in the principal directions have real
velocities.

Sawyers and Rivlin [4] have obtained, again in explicit
form, necessary and sufficient conditions that the velocities of
sinusoidal waves of infinitesimal amplitude be real for all direc-
tions of propagation parallel to a principal plane of the pure
homogeneous deformation for an incompressible material. More
recently they discussed [5] the implications of these results
with respect to propagation in an arbitrary direction, not necess-

arily parallel to a principal plane.
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In the present paper, the results of Hayes and Rivlin [1]

for compressible materials are used to derive, in explicit form,
necessary and sufficient conditions that the wave velocities be
real for any direction of propagation parallel to a principal
plane of an underlying static pure homogeneous deformation. These
are the relations given by (3.6), (3.15), and (3.17) below.
Recently, Knowles and Sternberg [6] have obtained the neces-
sary and sufficient conditions that the incremental equations of

equilibrium for planar infinitesimal static deformations super-

posed on a plane pure homogeneous deformation be strongly elliptic.

Since the conditions for reality of wave speeds are equivalent to
the conditions that the incremental equations of equilibrium be
strongly elliptic, the conditions obtained by Knowles and Stern-
berg should be equivalent to those which we have obtained, if,

in our results, we take the principal extension ratio in a direc-
tion normal to the plane of propagation to be unity. That this

is indeed the case is shown in §4.
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2 - Basic equations

We consider an isotropic elastic material to be subjected

to a deformation in which a particle initially in vector position

£ moves to vector position x . Let £ and x; be the com-

~

ponents of 3 and X respectively in a rectangular cartesian
coordinate system x , The strain-energy function w , per unit
volume of material measured in the undeformed state, is expres-
sible as a function of the three strain invariants il, i2, i3

defined by

e S 2 2 g
dy = trAg § Ay 7{(tr C) tr C°} , i, det C, {2.1)

*
where C is the Cauchy strain, defined by

c .= (2.2)

§= “ COLB” s o8 xi,axi,B s

We now consider that the deformation £ + x is the result-

~

;ant of a pure homogeneous deformation & + X and an infinitesi-

~

mal deformation X =+ x where
x =X + eu . (2.3}

We suppose that the principal extension ratios for the pure

homogeneous deformation are Al, Az’ A3 and the principal direc-

tions are parallel to the axes of the system x

We adopt the notation

. W - S W
Wy = aw/alA » Wap = 3 w/alAalB s

WAB = WAB|e=0

(A,B = 1,2,3) . (2.4)

Ip = iplemo » WA = ¥ple=o0 °

* In this paper we use the Einstein summation conyention for
repeated loweg case §reek or latin subscripts, but not for upper
case latin subscripts.




I. = A2\3\2 (2.5)

We now suppose that the deformation X + x corresponds to
a plane sinusoidal wave of infinitesimal amplitude propagating
in the material in the direction of the unit vector & . Then,

~

with the usual complex notation we may write
u = U explw(S2+X-t) , (2.6)

where w 1is the angular frequency of the wave, S is its com-
plex slowness and U is a constant vector, which may be complex.
.It has been shown by Hayes and Rivlin [1] that U must

satisfy the equation

3
2
Y (spg-C8,p)Up = 0 , (z.7)
A=1
where
c? = 7 1% o/5%
& 2
sap = (A2 25 - A L D
3
, 6AB{C§ REIW +W, (1, -25-28)]}
=1
+ CABQAZB
and (2.8)

£ 2 2 2

+ z{xi[w12+ -Ai)w ]+ LW, }x i B)

(1,

2 2
W, _+(I.- .
AL LIPAA CIRL VL8 B R YL 2 N




p denotes the density of the material in the undeformed state.

The condition for (2.7) to yield a non-trivial solution for

U is
2
|SAB— Cc<§
This is the secular equation for the wave.

We note that since the matrix s = l'SABl‘ is real and

ale (2.9)

symmetric, the values of € given by (2.9) are necessarily real.

The necessary and sufficient conditions that equation (2.9)
yield three positive solutions for c® are [1]
tr s > 0 , {(tr s)2~ tr 52}> 0 , det s> 0., (2.10)
From (2.8) we have
t ot —g{x2sw+21->‘2)w1+1w+c}22 (2.11)
rs= )sp T L S L e 305 CRE TR v S
A=1 A=1
where
i L 2 8.2
Can = 2O IW  + 2(T3 -2 )W o+ (Iy-2p) Wppl
v T [20%W, ¢ 22201, -22yw ¢ 1., ]} (2.12)
3 A" 31 ANl ATEE 333 i 1
With (2.11) it is seen that the necessary and sufficient con-
ditions that (2.10)1 be satisfied for all & are
_ 2
XA[3W1+2(11-XA)W2] + I3W3+ CAA >0
(A= 1,2,3) . (2.13)
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. 8 Propagation in a principal plane

We now suppose that the direction of propagation of a wave
lies in a principal plane, say parallel to the X, Xx,-plane of

the coordinate system. Then, & = (2 0) and from (2.8) we

112‘2’
obtain
2,2 2 2 2,2
Spp ® AR {KgtAGLy + (g /AN £ AGREK,
2,2 2 2 2,2
S ™ Azzz{K3+AlL3 + (c22/A2)} + A121K3 A

2,2 2,2
833 = Allez + A222Kl , (3.1}

. 2,2 2.2
S1p = Spy T APt tpllat (e /AN

5233532=531=513=0’

with the notation

°N. . (3.2)

L A3

= 2 =
W1+ AW W+ A

Kp 20 g

With (3.1) the secular equation (2.9) yields
2
C S33 » (3.3)

or

-85 =9, (3.4)

2. 2
(C%-s,,)(C%-s,,) 12

The necessary and sufficient conditions that (3.3) yield

only positive values for c? for all L1s%, are the two Baker-

Ericksen conditions

Ky >0, ke * © & (3.5)

Analogous considerations for waves propagated in the X,X5 OT




X3Xy planes lead additionally to the remaining Baker-Ericksen

condition K3 >0 . We accordingly have

Ky >0 (A=1,2,3) . (3.6)

The necessary and sufficient conditions that (3.4) yield

only positive values for c® are

2
Sy3* Spp > 0 and Sy1500" S9p > 0 . (3.7)

From (3.1), we obtain

2,2 2,2
Sya* Spp = ATRI(F +Ky) + ALR (F*Ky)
TR SR 2.2.2,2
Siq8as 8, R JGLLE. ) BF )+ 2as0t2E. ,  (3.8)

where

o]
1

2 2 sy 2 2
Ko+ AgL.+ ¢ /A By = Kot ATLee £y00h

% . AERAC e I 3173
c (3.9)
- 3 420 12 \2
ZG3 = F1F2+ K3 Klkz(L3+ ————) 5

2,2
>\l>‘2

With (3.8)1, we see that the necessary and sufficient con-
ditions for (3.7)1 to be satisfied for all &,,%, are
F + K3 > 0 and F,+ K3 S0 . (3.10)
With (3.9) and (3.2), these conditions may be rewritten as the
first two of the conditions
2 e 2
AA[2W1+ (ZAC+ AB)WQ] + I3W3+ cpp > 0

(ABC = 123, 213, 231, 321, 312, 132) . (3.11)

The remaining four conditions may be obtained, in a manner

analogous to that employed in obtaining the first two, by

— - e o i o i S




and

considering waves to be propagated parallel to the x

X
293
XX, planes. The conditions (3.11) imply the conditions (2.13)

provided that the conditions (3.6) are satisfied.

From (3.8)2, it follows that necessary conditions that the

*

inequality (3.7)2 be satisfied for all 21,22 are

R A AT

B, 28, Eoa 210 (3.12)

With (3.6) it follows that the conditions (3.12) imply (3.10).

With these conditions we may rewrite (3.8)2 as

& 523% 2 2% 5
$11522° S12 = K3{(A12:F; -2525F))

2120202 ruXn® )
+ 2SS TRS(FIFS +6 /K )T . £3.13)

It follows that,provided the conditions (3.6) and (3.12) are

satisfied, the necessary and sufficient condition for (3.7)2

to be satisfied is

K3F?F§ 62 (3.14)

With (3.9), the condition (3.14) can be rewritten as the

first of the conditions 1
3ok CAB
FpFg + Kg > Aprp|Lg * s0y8
A"B
(ABC = 123, 231, 312) , (3.15)

* The conditions (3.12) have been previously obtained [1,2] as
nécessary conditions that waves propagated in an arbitrary
direction, not necessarily parallel to a principal plane, have
real speeds.

" — | - —
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where, from (3.2) and (2.8),

Ko = W+ AZW, , Lo = Wyt AgW,
I c
2 3 AA
Fp = Wt (T -2dW 5 W v —=
A Aa

(3.16)

1 - - o g -
T Cap ° kAxB{w11+(2I1 Aa AB)le* (Il AA)(Il AB)wzz}

2 .8 2 2 S D j
+ 13{(AA+AB)W31+[AA(11—XA) + AB(Il AB)]W32+ 13w33}. |

Also, the conditions (3.12) are the first two of the conditions

F, > 0 (A= 1,2,3) . (3.17)

A

The second and third of the conditions (3.16) and the third of
the conditions (3.17) may be obtained in an analogous manner

by considering waves to be propagated parallel to the X X3 and

x3xl planes respectively.
We conclude that the necessary and sufficient conditions

that waves propagated parallel to a principal plane of the pure
homogeneous deformation shall have real velocities are those in

equations (3.15), (3.6) and (3.17).
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4. A particular case: plane strain

In this section, we will consider the particular case when
A =1 . It will be shown that this yields conditions on the strain-
energy function equivalent to those obtained by other considera-

tions by Knowles and Sternberg [6].

We write
8 < . 2 4 . <2
i,= 1+ 112 ig=37, i,= 1 R R (4.1)
Then, writing I =1 g J =3 gy we have

= - = 2 2 = ;5— = 2
I=I,-1=a#hy 5 T b d, s B =T+ 3° . (#4.2)

We write ¢(i,j) = w(il,iz,i3) and introduce the notation

(cf.(2.4))

e a¢/aile=o g a¢/ajl€=0 s
oy = 82¢/812|e=0 g LG i
With A3= 1 , we obtain
¢I = wl+ w2 : ¢J = 2J(w2+w3) 5
B3r ° Nt At Rao 4.4)
Pra * Wty No sl
055 = 2(W,*4W,) + 4% (W, +2W, + W, )

Taking A3 =1 in (3.16) and using the relations (4.4) we

obtain




- Js

3 1
K3 =8; 0 by =y s,
g 0 1.2
Foo= &p + 2A38;p + 2085 + 53 2,055
(4.5)
% 2 1.2
By = Bp & 2 0pp * 20800 * 3 X002y s
C ®
5 I 1 ( - J )
s R S By Tpy 2y T
AlAQ

With (4.4) and (4.5), the relations (3.6), (3.12) and (3.15)

yield the strong ellipticity conditions of Knowles and Stern-

berg [6]
B>, BEow0 8, >0,
(4.6)
% ok
EfEop Y Ejp > 0,
where
B = Z@I 5 Ell = 4<I>IFl s E22= 4<I>IF2 s
(4.7)

L 2,2 _
Ejp = 207 (F +F,) + 2(] Azf%¢II¢JJ %13 )
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